Abstract. The aim of this paper is to introduce Hom-Novikov color algebra and give some constructions of Hom-Novikov color algebras from a given one and a (weak) morphism. Other interesting constructions using averaging operators, centroids, derivations and tensor product are given. We also proved that any Hom-Novikov color algebra is Hom-Lie admissible. Moreover, we introduce Hom-quadratic Hom-Novikov color algebras and provide some properties by twisting. It is also shown that the Hom-Lie color algebra associated to a given quadratic Hom-Novikov color algebra is also quadratic.
Introduction
Novikov algebras are algebraic structures such that the left operator multiplication form a Lie algebra and the right operator multiplication are commutative. They were introduced by Balinskii and Novikov in the studies of Hamiltonian operators and Poisson bracket with hydrodynamic type [10, 17] . The theoretical study of Novikov algebras was started by Zel'manov [39] and Filipov [19] . And the term "Novikov algebras" was first used by Osborn [29] . Novikov algebras are connected to many areas of mathematical physics and geometry including Lie groups [4] , Lie algebras [5, 6, 14] , affine manifolds [23] , convex homogeneous cones [33] , rooted tree algebras [15] , vector fields [13] , and vertex and conformal algebras [12, 22] . In particular, they are Lie-admissible algebras, which are important in some physical applications, such as quantum mechanics and hadronic structures [26, 27, 28, 32] . Tortken algebras [18] are defined by a polynomial identity of degre four. Among other results, the author of [18] prove that the Jordan product on any Novikov algebra satisfies the Tortken identity. This result has been extended to the color case by Gao X. and Xu L. in [20] .
Hom-Lie algebras originate from the work of Hartwig J., Larsson D. and Silvestrov S. in [21] but Hom-associative algebras was first introduced by Makhlouf A. and Silvestrov S. in [24] as the twisted version of Hom-Lie algebras and Hom-associative algebras repectively. 2) An element x ∈ V is said to be homogeneous of degree a ∈ G if x ∈ V a . We denote H(V) the set of all homogeneous elements in V.
3) Let V = ⊕ a∈G V a and V ′ = ⊕ a∈G V ′ a be two G-graded vector spaces. A linear mapping f : V → V ′ is said to be homogeneous of degree b if
If, f is homogeneous of degree zero i.e. f (V a ) ⊆ V ′ a holds for any a ∈ G, then f is said to be even.
Remark 2.2. Let V = ⊕ a∈G V a and V ′ = ⊕ a∈G V ′ a be two G-graded vector spaces. The tensor product V ⊗ V ′ is also a G-graded vector space such that for α ∈ G, we
where 0 is the identity of G.
If x and y are two homogeneous elements of degree a and b respectively and ε is a skewsymmetric bicharacter, then we shorten the notation by writing ε(x, y) instead of ε(a, b). Definition 2.5. By a color Hom-algebra we mean a quadruple (A, ·, ε, α) in which A is a G-graded
If in addition x · y = ε(x, y)y · x, for any x, y ∈ H(A), the color Hom-algebra (A, ·, ε, α) is said to be ε-commutative. Definition 2.6. A derivation of degree d ∈ G on a color Hom-algebra (A, ·, ε, α) is a linear map D : A → A such that for any homogeneous element x and any y ∈ A one has
In particular, an even derivation D : A → A is a derivation of degree zero i.e. for any homogeneous elements x, y ∈ A,
Definition 2.7. Let (A, ·, ε, α) and (A ′ , · ′ , ε, α ′ ) be two color Hom-algebras. An even linear map
If in addition f • α = α ′ • f , f is said to be a morphism of color Hom-algebras.
Definition 2.8.
A color Hom-algebra (A, ·, ε, α) is said to be a) multiplicative if α is a morphism for ·,
Motivated by the notions of, left and right unit, left and right commutativity, left and right symmetry, left and right nondegenerate,and so on, we have the following Definition.
Definition 2.9. [9] A left averaging operator (resp. right averaging operator) over a color Homalgebra (A, ·, ε, α) is an even linear map β : A → A such that α • β = β • α and
An averaging operator over a color Hom-algebra A is both left and right averaging operator i.e.
Similarly, Definition 2.10. [9] Let (A, ·, ε, α) be a color Hom-algebra. An even linear map β : A → A is said to be an element of the left centroid (resp. right centroid) if α • β = β • α and
An even linear map β : A → A on A which is both an element of the left centroid and an element of the right centroid is called an element of the centroid i.e.
Remark 2.11. For ε-commutative and ε-skew-symmetric color Hom-algebras the three notions : left averaging operator, right averaging operator and averaging operator (resp. left centroid, right centroid and centroid) coincide. Definition 2.12. [34] A Hom-associative color algebra is a color Hom-algebra (A, ·, ε, α) such that
for any x, y, z ∈ H(A). Proof. The multiplicativity and the ε-commutativity are trivial. Now prove the Hom-associativity of A ′ . For x, y, z ∈ H(A),
This completes the proof.
Definition 2.15. [34] A Hom-Lie color algebra is a color Hom
Example 2.16. It is clear that Lie color algebras are examples of Hom-Lie color algebras by setting α = id . If, in addition, ε(x, y) = 1 or ε(x, y) = (−1) |x||y| , then the Hom-Lie color algebra is nothing but a classical Lie algebra or Lie superalgebra. The Hom-Lie algebra and Hom-Lie superalgebra are also obtained when ε(x, y) = 1 and ε(x, y) = (−1) |x||y| respectively. See [34] for other examples.
Definition 2.17. [9]
A color Hom-algebra (A, µ, ε, α) is said to be a Hom-Lie admissible color algebra if, for any hogeneous elements x, y ∈ A, the bracket
satisfies the ε-Hom-Jacobi identity.
Example 2.18. Any Hom-associative color algebra and any Hom-Lie color algebra are Hom-Lie admissible color algebras.
Definition 2.19. [9]
A Rota-Baxter Hom-Lie color algebra of weight λ ∈ K is a Hom-Lie color algebra (L, [−, −], ε, α) equiped with an even linear map R : L → L that satisfies the identities
for all x, y ∈ H(L).
Definition 2.20. [8]
A color Hom-algebra (S , ·, ε, α) is called a Hom-left-symmetric color algebra if the following Hom-left-symmetric color identity (or ε-Hom-left-symmetric identity)
is satisfied for all x, y, z ∈ H(S ). 
Hom-Novikov color algebras
In this section, we introduce Hom-Novikov color algebra and give some properties. In particular we show that the ε-commutator of any Hom-Novikov color algebra give rises to Hom-Lie color algebra.
Definition 3.1. A Hom-Novikov color algebra is a quadruple (
for any x, y, z ∈ H(A).
Remark 3.2. a) When α = id A , we recover Novikov color algebras [20] .
b) When A is trivialy graded, we recover Hom-Novikov algebras [36] .
c) When α = id A and A is trivialy graded, we recover Novikov algebras [39, 19, 29] .
Before giving an example, let us make the following observation : In any commutative Homassociative color algebra (A, ·, ε, α), one has, for all x, y, z ∈ H(A),
Example 3.3. Any commutative Hom-associative color algebra is a Hom-Novikov color algebra.
The below theorem allow to construct Hom-Novikov color algebras from a given one and a (weak) morphism. 
is also a Hom-Novikov color algebra. Moreover, if A is multiplicative and β is a morphism, then A β is also multiplicative.
Proof. It suffises to apply β 2 to both side of equations (3.1) and (3.2). The second part is also easy to show.
We have the following consequences.
Corollary 3.5. Let (A, ·, ε, α) be a multiplicative Hom-Novikov color algebra, then, for any integer
is also a multiplicative Hom-Novikov color algebra.
Corollary 3.6. Let (A, ·, ε) be a Novikov color algebra, and let β : A → A be a morphism. Then
is a multiplicative Hom-Novikov color algebra.
In the next result, we use centroids to provide Hom-Novikov color algebra from a given one.
Proposition 3.7. Let (A, ·, ε, α) be a Hom-Novikov color algebra and let β : A → A be a centroid.
is a Hom-Novikov color algebra.
Proof. For any x, y, z ∈ H(A),
The left hand side vanishes by (3.2). Thus A ′ is a Hom-Novikov color algebra.
Now we have the following statement.
Lemma 3.8. Let (A, ·, ε, α) be a Hom-Novikov color algebra. For all x, y, z ∈ H(A), we have
where
Proof. For any x, y, z ∈ H(A), one has
The left hand side vanishes by (3.1). Similarly, one has
Which vanishes by (3.4). Thus the conclusion holds.
We are now ready to state the theorem.
Theorem 3.9. Let (A, ·, ε, α) be a Hom-Novikov color algebra. Then HL(A) = (A, [−, −], ε, α) is a Hom-Lie color algebra, with [x, y] = x · y − ε(x, y)y · x, for all x, y ∈ H(A).
Proof. Let x, y, z be any three homogeneous elements in A,
By Lemma 3.8, the left hand side vanishes.
The below result is the color version of Proposition 3.4 and Proposition 3.5 of [38] . Proof. It is straightforward. and the same twisting map α.
Proof. We have to prove conditions (3.1) and (3.2) for * . For any x, y, z ∈ H(A),
Echanging the role of x and y, it follows that
This completes the proof. for all x, y ∈ H(A).
Proof. For all x, y, z ∈ H(A), and by (3.3),
For proving the second condition, one has
And, by echanging the role of x and y,
This ends the proof. Proof. It comes from theorem 3.12 and Theorem 3.4 for α = id A .
For a Hom-Lie color algebra (L, 
Proof. It is clear that α is a morphism with respect to * . Then the condition (3.2) for the multiplication * means
Using the fact that f commutes with α and the ε-skew-symmetry of the bracket [−, −],
The last equality follows form the ε-Hom-Jacobi identity. Thus, condition (3.2) holds for the multiplication * if and only if
Which is equivalent to (3.6). The condition (3.7) is simply a restatement of (3.1) for the multiplication * . This ends the proof. 
Then (L, * , ε, α) is a Hom-Novikov color algebra.
Proof. It comes from Lemma 2.21.
The following proposition is proved by direct computation.
Proposition 3.16. Given two Hom-Novikov algebra
, where
Now we have the following theorem. 
for all x, y ∈ H(S ), a, b ∈ H(A).
Proof. To simplify the typography, we omit the subscripts A and S and write α(x) and α(a) instead of α S (x) and α A (a) respectively. First, for all x, y, z ∈ H(S ), a, b, c ∈ H(A), we have
and
Next, let us prove axiom (3.1) for ⋆.
[
Now let us prove axiom (3.2) for ⋆. Let us set
By ε-commutativity,
The right hand side vanishes by (3.2).
Hom-quadratic Hom-Novikov color algebras
Likewise Hom-quadratic Hom-associative color algebras, Hom-quadratic Hom-Lie color algebras [2] and quadratic Hom-Novikov algebra [38] , we introduce here the Hom-quadratic Hom-Novikov color algebras and study their various twisting. The below result allows to obtain a quadratic Hom-Novikov color algebra from a given one and a symmetric automorphism. That is the subcategory of quadratic Hom-Novikov color algebras is closed under symmetric automorphisms. 
is a quadratic Hom-Novikov color algebra.
Proof. It is clear that B β is a bilinear form, ε-symmetric, nondegenerate (since β is an automorphism). Now prove that B β is invariant under the multiplication · β . For any x, y, z ∈ H(A),
Finally, β • α is B-symmetric. In fact,
This completes the proof. Proof. Since B is nondegenerate and α is an automorphism, B α is nondegenerate. The ε-symmetric of B α and the fact that α is B-symmetric are trivial. Thus for all x, y, z ∈ H(A). From quadratic Hom-Novikov color algebra to the associated quadratic Hom-Lie color algebra. This ends the proof.
From Hom-quadratic Hom-Novikov color algebras to quadratic Novikov color algebras. 
